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Problem 4.20 How many terms?
The full Taylor series for the logarithm is

o0

- n 1Xn
ln(]—i—x)—;(—]) i = (4.39)

If you set x = 1 in this series, how many terms are required to estimate In 2 to
within 5%?

Problem 4.21 Second rewriting
Repeat the rewriting method by rewriting 4/3 and 2/3; then estimate In 2 using
only one term of the logarithm series. How accurate is the revised estimate?

Problem 4.22 Two terms of the Taylor series

After rewriting In 2 as In(4/3) —In(2/3), use the two-term approximation that
In(14x) ~ x—x2 /2 to estimate In 2. Compare the approximation to the one-term
estimate, namely 2/3. (Problem 4.24 investigates a pictorial explanation.)

Problem 4.23 Rational-function approximation for the logarithm
The replacement In2 = In(4/3) — In(2/3) has the general form

by

In(l1+x)=1In =i (4.40)

where y = x/(2 + x).

Use the expression for y and the one-term series In(14x) =~ x to express In(1+4x)
as a rational function of x (as a ratio of polynomials in x). What are the first few
terms of its Taylor series?

Compare those terms to the first few terms of the In(1 + x) Taylor series, and
thereby explain why the rational-function approximation is more accurate than
even the two-term series In(1 + x) ~ x — x2/2.
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where A and B are constants for you to determine. Use the method of easy cases
(Chapter 2) to determine their values. (See [3] to check your values and for a
proof of the completed formula.)

Problem 4.16 Quadratic convergence
Start with ag = 1 and go = 1/v/2 (or any other positive pair) and follow several
iterations of the AM-GM sequence
an +
G = nTQn and g T E— /(Y (4.26)

Then generate dn = aZ — g3 and logq( dn to check that d,, |1 ~ d (quadratic
convergence).

Problem 4.17 Rapidity of convergence

Pick a positive xo; then generate a sequence by the iteration
1 2
o z(xn - —) (n > 0). 4.27)

Xn

To what and how rapidly does the sequence converge? What if xy < 0?
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Problem 4.11 Unrestricted maximal area
If the garden need not be rectangular, what is the maximal-area shape?

Problem 4.12 Volume maximization

Build an open-topped box as follows: Start with a unit square,
cut out four identical corners, and fold in the flaps. The box
has volume V = x(1 — 2x)2, where x is the side length of a
corner cutout. What choice of x maximizes the volume of the
box?

Here is a plausible analysis modeled on the analysis of the

rectangular 'garden. ¥Set \at=x, bi="1i= 2% "and c ="' = 2x S Thentabe’is the
volume V, and V1/3 = {/abc is the geometric mean (Problem 4.8). Because the
geometric mean never exceeds the arithmetic mean and because the two means
are equal when a = b = ¢, the maximum volume is attained when x = 1 — 2x.
Therefore, choosing x = 1/3 should maximize the volume of the box.

Now show that this choice is wrong by graphing V(x) or setting dV/dx = 0;
explain what is wrong with the preceding reasoning; and make a correct version.

Problem 4.13 Trigonometric minimum
Find the minimum value of
Oxt sin x4

4.1
X Sinix (1)

in the region x € (0, 7).

Problem 4.14 Trigonometric maximum
In the region t € [0, /2], maximize sin 2t or, equivalently, 2 sintcos t.
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Problem 4.28 Replicating the vertical bisection

The triangle bisected by a vertical line, if replicated and only rotated, produces a
fragmented enclosed region rather than a convex polygon. How can the triangle
be replicated so that the six bisecting paths form a regular polygon?

Problem 4.29 Bisecting the cube

Of all surfaces that bisect a cube into two equal volumes, which surface has the
smallest area?
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Problem 4.30 Drawing the smooth curve

Setting the height of the rectangles requires drawing the Ink curve—which
could intersect the top edge of each rectangle anywhere along the edge. In the
preceding figure and the analysis of this section, the curve intersects at the right
endpoint of the edge. After reading the section, redo the analysis for two other
cases:

a. The curve intersects at the left endpoint of the edge.

b. The curve intersects at the midpoint of the edge.
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Problem 4.26 All two-segment paths

Draw a figure showing the variety of two-segment paths. Find the shortest path,
showing that it has length

1=2x3"% x sin15° ~ 0.681. (4.43)

Problem 4.27 Bisecting with closed paths

The bisecting path need not begin or end at an edge of the triangle. Two examples
are illustrated here:

GNWA

Do you expect closed bisecting paths to be longer or shorter than the shortest
one-segment path? Give a geometric reason for your conjecture, and check the
conjecture by finding the lengths of the two illustrative closed paths.
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Problem 4.24 Pictorial interpretation of the rewriting

a. Use the integral representation of In(1 + x) to explain
why the shaded area is In 2.

b. Outline the region that represents

In-—In= 4.41 i
o=l (4.41)

when using the circumscribed-rectangle approximation
for each logarithm.

c. Outline the same region when using the trapezoid ap- i /3 1/3
proximation In(1+4x) = x—x2 /2. Show pictorially that
this region, although a different shape, has the same area as the region that
you drew in item b.
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Problem 5.1 Sample rate
Look up the Shannon-Nyquist sampling theorem [22], and explain why the
sample rate (the rate at which the sound pressure is measured) is roughly 40 kHz.

Problem 5.2 Bits per sample

Because 2'¢ ~ 10°, a 16-bit sample—as chosen for the CD format—requires
electronics accurate to roughly 0.001%. Why didn’t the designers of the CD
format choose a much larger sample size, say 32 bits (per channel)?

Problem 5.3 Checking units
Check that all the units in the estimate divide out—except for the desired units
of bits.
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Problem 4.33 Another picture for the AM-GM inequality
Sketch y = Inx to show that the arithmetic mean of a and b is always greater
than or equal to their geometric mean, with equality when a = b.

Problem 4.34 Archimedes” formula for the area of a parabola
Archimedes showed (long before calculus!) that the closed parabola
encloses two-thirds of its circumscribing rectangle. Prove this result
by integration.

Show that the closed parabola also encloses two-thirds of the circum-
scribing parallelogram with vertical sides. These pictorial recipes are
useful when approximating functions (for example, in Problem 4.32).

Problem 4.35 Ancient picture for the area of a circle

The ancient Greeks knew that the circumference of a circle with radius r was
2nr. They then used the following picture to show that its area is mrZ. Can you
reconstruct the argument?

% ,

Problem 4.36 Volume of a sphere
Extend the argument of Problem 4.35 to find the volume of a sphere of radius T,
given that its surface area is 47r2. Tllustrate the argument with a sketch.

Problem 4.37 A famous sum
o0

Use pictorial reasoning to approximate the famous Basel sum Z 2.
1

Problem 4.38 Newton-Raphson method
In general, solving f(t) = 0 requires approximations. One method is to start with
a guess tp and to improve it iteratively using the Newton-Raphson method

f(tn)
fnclsin s f’(*:l)’

4.52)

where f’(t,) is the derivative df/dt evaluated at t = tn. Draw a picture to
justify this recipe; then use the recipe to estimate N2 (Then try Problem 4.17.)
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Problem 4.31 Underestimate or overestimate?

Does the integral approximation with the triangle correction underestimate or
overestimate n!? Use pictorial reasoning; then check the conclusion numerically.

Problem 4.32 Next correction
The triangle correction is the first of an infinite series of corrections. The cor-
rections include terms proportional to no 2 M, ..., and they are difficult to

derive using only pictures. But the n ! correction can be derived with pictures.

a. Draw the regions showing the error made by replacing the smooth In k curve
with a piecewise-linear curve (a curve made of straight segments).

b. Each region is bounded above by a curve that is almost a parabola, whose
area is given by Archimedes’ formula (Problem 4.34)

2
area = 3 x area of the circumscribing rectangle. (4.51)

Use that property to approximate the area of each region.

c. Show that when evaluating Inn! = Y ' Ink, these regions sum to approxi-
mately (1—n~1)/12.

d. What is the resulting, improved constant term (formerly e) in the approxima-

tion to n! and how close is it to v/27t? What factor does the n~! term in the
Inn! approximation contribute to the n! approximation?

These and subsequent corrections are derived in Section 6.3.2 using the technique
of analogy.
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Problem 5.4 Underestimate or overestimate?

Does 3 x 107 overestimate or underestimate 3600 x 4.4 x 10% x 32?2 Check your
reasoning by computing the exact product.

Problem 5.5 More practice
Use the one-or-few method of multiplication to perform the following calcula-
tions mentally; then compare the approximate and actual products.

a. 161 x 294 x 280 x 438. The actual product is roughly 5.8 x 107.

b. Earth’s surface area A = 47tR2, where the radius is R ~ 6 x 10° m. The actual

surface area is roughly 5.1 x 1074 m2.
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Problem 2.3 Guessing a closed form
Use a change of variable to show that
=2 (e Toax
— =2 —. 2.8
L 1+ x2 L1+x2 (&)
The second integral has a finite integration range, so it is easier than the first
integral to evaluate numerically. Estimate the second integral using the trapezoid

approximation and a computer or programmable calculator. Then guess a closed
form for the first integral.
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Problem 2.21 Home experiment of a small versus a large cone
Try the cone home experiment yourself (page 21).

Problem 2.22 Home experiment of four stacked cones versus one cone
Predict the ratio
terminal velocity of four small cones stacked inside each other

2.30
terminal velocity of one small cone 0

Test your prediction. Can you find a method not requiring timing equipment?

Problem 2.23 Estimating the terminal speed

Estimate or look up the areal density of paper; predict the cones’ terminal speed;
and then compare that prediction to the result of the home experiment.
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Problem 2.24 Fencepost errors

A garden has 10m of horizontal fencing that you would like to divide into Tm
segments by using vertical posts. Do you need 10 or 11 vertical posts (including
the posts needed at the ends)?

Problem 2.25 Odd sum
Here is the sum of the first n odd integers:
Sn=1434+5++1n (2.31)
\—V—/
n terms
a. Does the last term 1, equal 2n + 1 or 2Zn — 17

b. Use easy cases to guess Sy, (as a function of n).

An alternative solution is discussed in Section 4.1.
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and the top and bottom side lengths a and b, what is the volume of this solid?
(See also Problem 2.7.)

Problem 211 Truncated cone

What is the volume of a truncated cone with a circular base of radius vy and
circular top of radius 1, (with the top parallel to the base)? Generalize your for-
mula to the volume of a truncated pyramid with height h, a base of an arbitrary
shape and area Ap,e, and a corresponding top of area Aqop.
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Problem 2.4 Area by calculus
Use integration to show that A = mab.

Problem 2.5 Inventing a passing candidate
Can you invent a second candidate for the area that has correct dimensions and
passes the a =0, b =0, and a = b tests?

Problem 2.6 Generalization
Guess the volume of an ellipsoid with principal radii a, b, and c.
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Then estimate the atmospheric pressure at sea level by estimating the weight of
an infinitely high cylinder of air.

Problem 3.6 Cone free-fall distance

Roughly how far does a cone of Section 2.4 fall before reaching a significant
fraction of its terminal velocity? How large is that distance compared to the
drop height of 2m? Hint: Sketch (very roughly) the cone’s acceleration versus
time and make a lumping approximation.
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Problem 3.7 Trying the FWHM heuristic

Make single-rectangle lumping estimates of the following integrals. Choose the
height and width of the rectangle using the FWHM heuristic. How accurate is
each estimate?

2 1
a. J;OO T dx [exact value: m].

o0
b. J e " dx [exact value: T'(1/4)/2 ~ 1.813].

—0oQ
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Problem 3.4 General exponential decay
Use lumping to estimate the integral

o0
J &2 qliy. (3.6)
0
Use dimensional analysis and easy cases to check that your answer makes sense.

Problem 3.5 Atmospheric pressure
Atmospheric density p decays roughly exponentially with height z:

piipoen i (5:7)

where pg is the density at sea level, and H is the so-called scale height (the
height at which the density falls by a factor of e). Use your everyday experience
to estimate H.
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Problem 2.26 Free fall with initial velocity

The ball in Section 1.2 was released from rest. Now imagine that it is given an
initial velocity vy (where positive vo means an upward throw). Guess the impact
velocity vj.

Then solve the free-fall differential equation to find the exact vj, and compare
the exact result to your guess.

Problem 2.27 Low Reynolds number
In the limit Re < 1, guess the form of f in
F
=F (3) : 2.32)

pv2r2 v

The result, when combined with the correct dimensionless constant, is known
as Stokes drag [12].

Problem 2.28 Range formula
How far does a rock travel horizontally (no air resistance)?
Use dimensions and easy cases to guess a formula for the
range R as a function of the launch velocity v, the launch
angle 0, and the gravitational acceleration g.

R
Problem 2.29 Spring equation

The angular frequency of an ideal mass-spring system (Section 3.4.2) is y/k/m,
where k is the spring constant and m is the mass. This expression has the spring
constant k in the numerator. Use extreme cases of k or m to decide whether that
placement is correct.

Problem 2.30 Taping the cone templates

The tape mark on the large cone template (page 21) is twice as wide as the tape
mark on the small cone template. In other words, if the tape on the large cone
is, say, 6 mm wide, the tape on the small cone should be 3 mm wide. Why?
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Problem 3.14 Derivative of a quadratic

With f(x) = x2, estimate df/dx at x =5 using three approximations: the origin
secant, the x = 0 secant, and the significant-change approximation. Compare
these estimates to the true slope.

Problem 3.15 Derivative of the logarithm
Use the significant-change approximation to estimate the derivative of Inx at
x = 10. Compare the estimate to the true slope.

Problem 3.16 Lennard-Jones potential
The Lennard-Jones potential is a model of the interaction energy between two
nonpolar molecules such as N2 or CHy. It has the form

V(r) = 4e {(g)u = (%)6] , (3.20)

where 1 is the distance between the molecules, and € and o are constants that
depend on the molecules. Use the origin secant to estimate r¢, the separation v
at which V(r) is a minimum. Compare the estimate to the true 1o found using
calculus.

Problem 3.17 Approximate maxima and minima

Let f(x) be an increasing function and g(x) a decreasing function. Use the origin
secant to show, approximately, that h(x) = f(x) 4+ g(x) has a minimum where
f(x) = g(x). This useful rule of thumb, which generalizes Problem 3.16, is often
called the balancing heuristic.
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Problem 3.26 Checking dimensions
Does the period 27\/1/g have correct dimensions?

Problem 3.27 Checking extreme cases

Does the period T = 27,/l/g make sense in the extreme cases g — oo and
g—0?

Problem 3.28 Possible coincidence

Is it a coincidence that g ~ m*ms 22 (For an extensive historical discussion

that involves the pendulum, see [1] and more broadly also [4, 27, 42].)

Problem 3.29 Conical pendulum for the constant
The dimensionless factor of 27t can be derived using an in-
sight from Huygens [15, p.79]: to analyze the motion of a
pendulum moving in a horizontal circle (a conical pendu-
lum). Projecting its two-dimensional motion onto a ver-
tical screen produces one-dimensional pendulum motion,
so the period of the two-dimensional motion is the same
as the period of one-dimensional pendulum motion! Use
that idea along with Newton’s laws of motion to explain
the 2.
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Problem 3.20 Amplitude independence
Use dimensional analysis to show that the angular frequency w cannot depend
on the amplitude x.

Problem 3.21 Checking dimensions in the alleged solution
What are the dimensions of wt? What are the dimensions of cos wt? Check the
dimensions of the proposed solution x = xp cos wt, and the dimensions of the

proposed period 27ty/m/k.

Problem 3.22 Verification
Show that x = xo cos wt with w = /k/m solves the spring differential equation

dZ
de;‘ Fkx =0. (3.29)
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Problem 3.36 FWHM for another decaying function
Use the FWHM heuristic to estimate

s dx
inoo W . (3-56)

Then compare the estimate with the exact value of 7t/ V2. For an enjoyable
additional problem, derive the exact value.

Problem 3.37 Hypothetical pendulum equation
Suppose the pendulum equation had been
%0 g
07 - 1 L (z) = (), (3.57)
How would the period T depend on amplitude 0¢? In particular, as 0 increases,
would T decrease, remain constant, or increase? What is the slope dT/d6, at
zero amplitude? Compare your results with the results of Problem 3.33.
For small but nonzero 6y, find an approximate expression for the dimensionless
period h(8p) and use it to check your previous conclusions.

Problem 3.38 Gaussian 1-sigma tail
The Gaussian probability density function with zero mean and unit variance is
( ) efxz 2
X) = ——+—.
B /T

The area of its tail is an important quantity in statistics, but it has no closed form.
In this problem you estimate the area of the 1-sigma tail

(3.58)

00 efxz W2
L ﬁ dx. (3.59)
a. Sketch the above Gaussian and shade the 1-sigma tail.
b. Use the 1/e lumping heuristic (Section 3.2.1) to estimate the area.
c. Use the FWHM heuristic to estimate the area.
d. Compare the two lumping estimates with the result of numerical integration:

dx
1 V2n 2

where erf(z) is the error function.

o= 2V -
J = = erf“/‘/i)zo.w% (3.60)

Problem 3.39 Distant Gaussian tails
For the canonical probability Gaussian, estimate the area of its n-sigma tail (for
large n). In other words, estimate
0 efxz /2
,[ n V2T

dx. (3.61)
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Problem 3.33 Small but nonzero amplitude

As the amplitude approaches 7, the dimensionless period h
diverges to infinity; at zero amplitude, h = 1. But what about
the derivative of h? At zero amplitude (8¢ = 0), does h(6y)
have zero slope (curve A) or positive slope (curve B)?

Problem 3.34 Nearly vertical release

h

B
A

0o

Imagine releasing the pendulum from almost vertical: B
an initial angle m — 3 with 8 tiny. As a function of f3,
roughly how long does the pendulum take to rotate by gl
a significant angle—say, by 1rad? Use that information 1032
to predict how h(8¢) behaves when 6y ~ 7. Check and 103
refine your conjectures using the tabulated values. Then 10—4
predict h(m —1072).

h(m—B)
LTGN2IT
4.255581
5.721428
7.187298
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Problem 3.31 General expression for h
Use conservation of energy to show that the period is

18 0
T(6p) = 2\/ij d ; (3.40)
gJo +/cosB—cosBy
Confirm that the equivalent dimensionless statement is
2 (% de
h(6o) = fj . (341)
T Jo +/cosB —cosBp
For horizontal release, 0y = 7t/2, and
2 [#2 dp
hm/ 2= \/_J d . (3.42)
T Jo VcosH

Problem 3.32 Numerical evaluation for horizontal release
Why do the lumping recipes (Section 3.2) fail for the integrals in Problem 3.31?
Compute h(7r/2) using numerical integration.
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Problem 4.9 Direct pictorial proof

The AM-GM reasoning for the maximal rectangular garden is indirect pictorial
reasoning. It is symbolic reasoning built upon the pictorial proof for the AM-
GM inequality. Can you draw a picture to show directly that the square is the
optimal shape?

Problem 4.10 Three-part product

Find the maximum value of f(x) = x%(1 — 2x) for x > 0, without using calculus.
Sketch f(x) to confirm your answer.
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Problem 4.6 Circumscribing a circle around a triangle
Here are a few examples showing a circle circumscribed around a triangle.

Draw a picture to show that the circle is uniquely determined by the triangle.

Problem 4.7 Finding the right semicircle

A triangle uniquely determines its circumscribing circle (Problem 4.6). However,
the circle’s diameter might not align with a side of the triangle. Can a semicir-
cle always be circumscribed around a right triangle while aligning the circle’s
diameter along the hypotenuse?
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Problem 4.3 Triangular numbers
Draw a picture or pictures to show that

P s e e 4.7)
Then show that
et el 4.8)
2
Problem 4.4 Three dimensions
Draw a picture to show that
n
D) Bk Sl (4.9)
0

Give pictorial explanations for the 1 in the summand 3k2 + 3k + 1; for the 3 and
the k? in 3k?; and for the 3 and the k in 3k.
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Problem 4.1 Computers versus people

At tasks like expanding (x + 2y)5 C computers are much faster than people. At
tasks like recognizing faces or smells, even young children are much faster than
current computers. How do you explain these contrasts?

Problem 4.2 Linguistic evidence for the importance of perception
In your favorite language(s), think of the many sensory synonyms for under-
standing (for example, grasping).
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Problem 2.1 Testing several alternatives
For the Gaussian integral

2 2
_[ BT e (2.7)
—0Q0

use the three easy-cases tests to evaluate the following candidates for its value.

@ va/a ) 1+ (Va—1)/x () 1/o® + (vVaA—1)/ex.

Problem 2.2 Plausible, incorrect alternative

Is there an alternative to \/7t/c that has valid dimensions and passes the three
easy-cases tests?
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Problem 1.14 Related rates

Water is poured into a large inverted cone (with a 90° open-

ing angle) at a rate dV/dt = 10m3s~'. When the water ¥
depth is h = 5m, estimate the rate at which the depth is l
increasing. Then use calculus to find the exact rate.

Problem 1.15 Kepler’s third law

Newton’s law of universal gravitation—the famous inverse-square law—says that
the gravitational force between two masses is

Gm1 my

=

(1.22)
where G is Newton’s constant, m; and m; are the two masses, and r is their
separation. For a planet orbiting the sun, universal gravitation together with
Newton'’s second law gives

d?r GMm _

mﬁ = — T_Z I, (123)

where M is the mass of the sun, m the mass of the planet, r is the vector from
the sun to the planet, and t is the unit vector in the r direction.

How does the orbital period T depend on orbital radius r? Look up Kepler’s
third law and compare your result to it.
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Problem 1.8 Change of variable

Rewind back to page 8 and pretend that you do not know f(«). Without doing
dimensional analysis, show that f(x) ~ ol

Problem 1.9 Easy case x = 1

Setting o« = 1, which is an example of easy-cases reasoning (Chapter 2), violates
the assumption that x is a length and o has dimensions of = Why is it okay
to set &« =1?

Problem 1.10 Integrating a difficult exponential

o0
3
Use dimensional analysis to investigate J @ 5 gl
0
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Problem 1.11 Integrals using dimensions

e d
Use dimensional analysis to find e “dxand . useful result is
5 9 )
J L arctan = e (1.20)
x24+1 " ’ i

Problem 1.12 Stefan-Boltzmann law

Blackbody radiation is an electromagnetic phenomenon, so the radiation inten-
sity depends on the speed of light c. It is also a thermal phenomenon, so it
depends on the thermal energy kg T, where T is the object’s temperature and kg
is Boltzmann’s constant. And it is a quantum phenomenon, so it depends on
Planck’s constant h.. Thus the blackbody-radiation intensity I depends on c, kgT,
and h. Use dimensional analysis to show that I o< T4 and to find the constant
of proportionality 0. Then look up the missing dimensionless constant. (These
results are used in Section 5.3.3.)

Problem 1.13 Arcsine integral

Use dimensional analysis to find J V1 —3x2 dx. A useful result is

s o
J /—1_x2dX:arc31nx I s/l =7e LC, (121)

2 2
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